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Equilibrium Torsion in Beams (ACI 318-14) 

The cantilever beam shown supports its self-weight in addition to a concentrated load applied with an eccentricity 

from the centroidal axis, resulting in combined flexure, shear, and equilibrium torsion. This example demonstrates the 

structural analysis and design of the rectangular reinforced concrete cantilever beam in accordance with ACI 318-14 

provisions, with particular emphasis on equilibrium torsion behavior and its impact on detailing requirements. Hand 

calculations are presented and compared with numerical analysis and design results obtained from the spBeam 

engineering software program by StructurePoint. 

 

Figure 1 – Rectangular Reinforced Concrete Cantilever Beam 
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Code 

Building Code Requirements for Structural Concrete (ACI 318-14) and Commentary (ACI 318R-14)  

References  

• Reinforced Concrete Mechanics and Design, 7th Edition, 2016, James Wight, Pearson, Example 7-2 

• spBeam Engineering Software Program Manual v10.00, STRUCTUREPOINT, 2024 

• Contact Support@StructurePoint.org to obtain supplementary materials (spBeam model: DE-Equilibrium-

Torsion-ACI-14.slbx) 

Design Data 

fc' = 4 ksi normal weight concrete (wc = 150.00 lb/ft3) 

fy  = 60 ksi 

Dead load, DL = 20.00 kip applied at 6 in. from the end of the beam and 6 in. away from the centroidal axis. 

Live load, LL = 20.00 kip applied at 6 in. from the end of the beam and 6 in. away from the centroidal axis. 

Beam span length, L = 54.00 in. = 4.50 ft 

Use #8 bars for longitudinal reinforcement (As = 0.79 in.2, db = 1.00 in.) 

Use #4 bars for stirrups (As = 0.20 in.2, db = 0.50 in.) 

Clear cover = 1.50 in. ACI 318-14 (Table 20.6.1.3.1)  

https://structurepoint.org/publication/manuals.asp
http://www.structurepoint.org/
mailto:Support@StructurePoint.org
http://www.spbeam.com/
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1. Notations 

This section (based on ACI 318-14 provisions) defines notation and terminology used in this design example: 

a = depth of equivalent rectangular stress block, in. 

Acp = area enclosed by outside perimeter of concrete cross section, in.2 

Al = total area of longitudinal reinforcement to resist torsion, in.2 

Al,min = minimum area of longitudinal reinforcement to resist torsion, in.2 

Ao = gross area enclosed by torsional shear flow path, in.2 

Aoh = area enclosed by centerline of the outermost closed transverse torsional reinforcement, in.2 

As = area of nonprestressed longitudinal tension reinforcement, in.2 

As,min = minimum area of flexural reinforcement, in.2 

At = area of one leg of a closed stirrup, hoop, or tie resisting torsion within spacing s, in.2 

Av = area of shear reinforcement within spacing s, in.2 

b = width of compression face of member, in. 

bw = web width or diameter of circular section, in. 

c = distance from extreme compression fiber to neutral axis, in. 

cc = clear cover of reinforcement, in. 

d = distance from extreme compression fiber to centroid of longitudinal tension reinforcement, in. 

db = nominal diameter of bar, wire, or prestressing strand, in. 

fc' = specified compressive strength of concrete, psi 

fy = specified yield strength for nonprestressed reinforcement, psi 

fyt = specified yield strength of transverse reinforcement, psi 

h = overall thickness, height, or depth of member, in. 

l = span length of beam or one-way slab; clear projection of cantilever, in. 

ln = length of clear span measured face-to-face of supports, in. 

Mu = factored moment at section, in.-lb 

pcp = outside perimeter of concrete cross section, in. 

ph = perimeter of centerline of outermost closed transverse torsional reinforcement, in. 
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Pu = factored axial force; to be taken as positive for compression and negative for tension, lb 

Tcr = cracking torsional moment, in.-lb 

Tth = threshold torsional moment, in.-lb 

Tu = factored torsional moment at section, in.-lb 

s = center-to-center spacing of items, such as longitudinal reinforcement, transverse reinforcement, tendons, 

or anchors, in. 

Vc = nominal shear strength provided by concrete, lb 

Vn = nominal shear strength, lb 

Vs = nominal shear strength provided by shear reinforcement, lb 

Vu = factored shear force at section, lb 

wu = factored load per unit length of beam or one-way slab, lb/in. 

wc = density, unit weight, of normalweight concrete, lb/ft3 

β1 = factor relating depth of equivalent rectangular compressive stress block to depth of neutral axis 

εt = net tensile strain in extreme layer of longitudinal tension reinforcement at nominal strength, excluding 

strains due to effective prestress, creep, shrinkage, and temperature 

θ = angle between axis of strut, compression diagonal, or compression field and the tension chord of the 

members 

λ = modification factor to reflect the reduced mechanical properties of lightweight concrete relative to 

normalweight concrete of the same compressive strength 

ϕ = strength reduction factor 
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2. Preliminary Member Sizing 

Check the minimum beam depth requirement of ACI 318-14 (Table 9.3.1.1) to waive deflection computations. 

Using the minimum depth for non-prestressed beams in Table 9.3.1.1. 

min

54.00
6.75 in.

8 8

nlh = = =  (For cantilever beams) ACI 318-14 (Table 9.3.1.1) 

Therefore, since hmin = 6.75 in. < h = 24.00 in. the preliminary beam depth satisfies the minimum depth requirement, 

and the beam deflection computations are not required. 

The width of the rectangular section (b) may be chosen in the following range: 

1 2
12.00 in. 14.00 in. 16.00 in.

2 3
h b h

   
 =  =   =   

   
 o.k. 

3. Load and Load combination 

The governing load combination: 

1.20 1.60U D L=  +   ACI 318-14 (Eq. 5.3.1b) 

For the Factored Uniform Load 

24.00 14.

t

00
Self-weight 0.15 0.35 

12.00

s

12.0 f0

kip
=   =  

p
1.20 0.3

t
5 0.

s
42

i

f
 
k

uw =  =  

For the Factored Concentrated Load 

1.20 20.00 1.60 si20.00 6 k p5 .00 uP =  +  =  

For the Factored Torsional Moment 

The moment arm is the distance from the midspan to the centerline of the exterior beam section = 6.00 in. = 0.50 

ft. 

( )
6.00

1.20 20.00 1.60 20.00 28.00 f st-
1

k
2.00

ipuT =  +   =  
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4. Structural Analysis 

Cantilever beams can be analyzed by calculating shear, moment and torsion diagrams or using Design Aid tables 

as shown below: 

Shear, Moment and Torsion Diagrams: 

 

Figure 2 – Moment, Shear and Torsion Diagrams 
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Using Design Aid Tables: 

54.00
56.00 0.42 57.89 kips

12.00
u u uV P w l= +  = +  =  

2 248.00 0.42 54.00
56.00 228.25 kip-ft

2 12.00 2 144.00

u
u u p

w l
M P l

 
=  + =  + =


 

Where: 

54.00 in.l =  

6.00 = 54.00 6.00 48.00 in.pl l= − − =  

 

 

Figure 3 - Design Aid Tables (Beam Design Equations and Diagrams) – PCI Design Handbook 
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5. Flexural, Shear, and Torsion Design 

5.1. Flexural Design 

For this beam, the moment at the fixed end governs the design as shown previously. 

Mu = 228.25 kip-ft 

Use #8 bars with 1.50 in. concrete cover per ACI 318-14 (Table 20.6.1.3.1) and #4 stirrups. The distance from 

extreme compression fiber to the centroid of longitudinal tension reinforcement, d, is calculated below: 

 

,clear cover
2

Longitudinal bar

b stirrups

d
d h d

 
= − + + 

 
 

1.00
24.00 1.50 0.50 21.50 in.

2
d

 
= − + + = 

 
 

To determine the area of steel, assumptions have to be made whether the section is tension or compression 

controlled, and regarding the distance between the resultant compression and tension forces along the beam 

section (jd). In this example, tension-controlled section will be assumed so the reduction factor ϕ is equal to 0.9, 

and jd will be taken equal to 0.9253 × d. The assumptions will be verified once the area of steel is finalized. 

Assume jd = 0.9253 × d = 0.9253 × 21.50 = 19.89 in.  

Beam width, b = 14.00 in. 

The required reinforcement at initial trial is calculated as follows: 

2228.25 12,000
2.550 in.

0.90 60,000 19.89

u

s

y

M
A

f jd


= = =

   
 

Recalculate ‘a’ for the actual As = 2.550 in.2: 

2.550 60,000
3.214 in.

0.85 0.85 4,000 14.00

s y

c

A f
a

f b

 
= = =

   
 

1

3.21
3.781 in.

0.85

a
c


= = =  

Where: 

( )
1

0.05 4,000
0.85

1,000

cf
 −

= −   ACI 318-14 (Table 22.2.2.4.3) 
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( )
1

0.05 4,000 4,000
0.85 0.85

1,000


 −
= − =  

0.003 0.003
0.003 21.50 0.003 0.0141 0.005

3.781
t td

c


   
=  − =  − =    
   

 

Therefore, the assumption that section is tension-controlled is valid. 

2228.25 12,000
2.550 in.

3.214
0.90 60,000 21.50

2 2

u

s

y

M
A

a
f d


= = =

   
  −   −   

   

 

The minimum reinforcement shall not be less than 

2

,min

3 3 4,000
14.00 21.50 0.952 in.

60,000

c

s w

y

f
A b d

f

 
=   =   =  ACI 318-14 (9.6.1.2(a))  

And not less than 

2

,min

200 200
14.00 21.50 1.003 in.

60,000
s w

y

A b d
f

=   =   =  ACI 318-14 (9.6.1.2(b)) 

2

,min 1.003 in.sA =  

2 2

,2.550 in. 1.003 in.s s minA A=  =  

Torsion requirements for longitudinal steel have to be determined and combined with reinforcement area 

required for flexure. 

5.2. Torsion Design 

Check if torsional effects can be neglected: 

If Tu < ϕTth, it shall be permitted to neglect torsional effects. ACI 318-14 (22.7.1.1) 

Where: 

Tu  =  28.00 kip-ft (Figure 2) 

ϕTth  = 5.87 kip-ft = Threshold torsion (the calculation of ϕTth is shown in the next section) 

Since Tu > ϕTth, the torsional effects must be considered. 
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Check if the factored design torsion can be reduced: 

It is permitted to reduce Tu to ϕTcr; due to redistribution of internal forces after torsional cracking; if the exterior 

continuous beam meet the following requirements:  ACI 318-14 (22.7.3.2) 

1. The beam is statically indeterminate (continuous beam). 

2. Tu ≥ ϕTcr. 

The Torsion is needed for equilibrium; therefore, design for:  

Tu  =  28.00 kip-ft (Figure 2) 

The torsional properties of the beam are the following: 

2(14.00 24.00) 336.00 in.cpA =  =   

2 (14.00 24.00) 76.00 in.cpp =  + =  

( )
22

3
336.00

1,485.47 in.
76.00

cp

cp

A

p
= =  

2

4
cp

cr c

cp

A
T f

p
  

 
=     
 
 

 ACI 318-14 (Table 22.7.5.1(a)) 

0.75 4 1.00 4,000 1485.47 281,848.81 lb-in. 23.49 kip-ftcrT =     = =  

2
23.49

5.87 kip-ft
4 4

cp cr

th c

cp

A T
T f

p


  

 
=    = = = 
 
 
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5.2.1. Adequacy of Cross-Sectional Dimensions for Torsion 

For solid sections, the limit on shear and torsion is given by: 

22

2
8

1.70

u u h c

c

w woh

V T p V
f

b d b dA


    
+   +     

     
 ACI 318-14 (22.7.7.1a) 

Using d = 21.50 in., the factored shear force at the critical section located at a distance d from the face of the 

support is: 

Vu  =  57.14 kips (Figure 2) 

Also, the nominal shear strength provided by the concrete is:  

2c c wV f b d =      ACI 318-14 (Eq. 22.5.5.1) 

Using a 1.50 in. clear cover to # 4 closed stirrups. 

( ) ( ) 224.00 1.50 1.50 0.50 14.00 1.50 1.50 0.50 215.25 in.ohA = − + −  − + − =        

( ) ( ) 2 24.00 1.50 1.50 0.50 14.00 1.50 1.50 0.50 62.00 in.hp =  − + − + − + − =        

2 2

2

57.14 1,000 28.00 12,000 62.00
325.55 psi

14.00 21.50 1.70 215.25

     
+ =   

    
 

2 1 4,000 14.00 21.50
0.75 8 4,000 474.34 psi

14.00 21.50

    
  +  = 

  
 

Therefore, the section is adequate. 
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5.2.2. Transverse Reinforcement Required for Torsion 

( )2 cot

t u

o yt

A T

s A f 
=

   
 ACI 318-14 (Eq. 22.7.6.1a) 

Where: 

Ao = 0.85 × Aoh = 0.85 × 215.25 = 182.96 in.2 ACI 318-14 (22.7.6.1.1) 

θ = 45  ̊ ACI 318-14 (22.7.6.1.2(a)) 

Therefore, 

( )
228.00 12,000

0.0204 
0.7

g
5 2 182.96 60,00

in. / in e
0 cot 45

. p r letA

s


= =

    
 

5.2.3. Transverse Reinforcement Required for Shear 

Vu = 57.14 kips (Figure 2) 

Shear strength provided by concrete 

( )2c c wV f b d   =       ACI 318-14 (Eq. 22.5.5.1) 

( )0.75 2.00 1.00 4,000 14.00 21.50 28,555.37 lb 28.56 kipscV =      = =  

Since 
2

c

u

V
V


 , shear reinforcement is required. 

The nominal shear strength required to be provided by shear reinforcement is 

57.14
38.07 38.11 kips

0.75

u

s n c c

V
V V V V



 
= − = − = − = 

 
 

Check whether Vs is less than 8 c wf b d    

If Vs is greater than 8 c wf b d   , then the cross-section has to be revised as ACI 318-14 limits the shear 

capacity to be provided by stirrups to 8  c wf b d    ACI 318-14 (22.5.1.2)
 

8  8 4,000 14.00 21.50 152,295.29 lb 152.30 kipsc wf b d   =    = =  

Since Vs does not exceed 8 c wf b d   , the cross section is adequate. 
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Calculate the required transverse reinforcement for shear as 

257.14 28.56 in.
0.0295 

 0.75 60.000 21.50 in.

v u c

yt

A V V

s f d





− −
= = =

   
 ACI 318-14 (22.5.10.5.3) 

5.2.4. Total Required Transverse Reinforcement for Combined Shear and Torsion 

2
2in. /in.

2 0.0295 2 0.0204 0.0704 in. /in.
leg

v tA A

s s
+  = +  =  

Minimum transverse reinforcement for shear and torsion is calculated as follows: 

( )
min

0.75
2

greater of

50

w

c

ytv t

w

yt

b
f

fA A

s b

f

  
   
 +    

=  
  

   
  

 ACI 318-14 (9.6.4.2) 

( ) 2 2min

14.00
0.75 4,000

2 60,000 0.0111
greater of 0.0117 in. /in. 0.0704 in. /in.

0.011714.00
50

60,000

v tA A

s

  
   

+     = = =      
  

   

 

2 .T 2 0.0704 in. /hen, provide i nv tA A

s s
+  =   

Calculate the required spacing: 

Maximum spacing of transverse torsion reinforcement: 

max

/ 8
lesser of 

12.00 in.

hp
s

 
=  

 
 ACI 318-14 (9.7.6.3.3) 

max

62.00 / 8 7.75 in.
lesser of lesser of 7.75 in.

12.00 in. 12.00 in.
s

   
= = =   

   
 

Maximum spacing of transverse shear reinforcement: 

Check whether the required spacing based on the shear demand meets the spacing limits for shear reinforcement 

per ACI 318-14 (9.7.6.2.2). 

Check whether Vs is less than 
w4 cf b d    

w4 4 4,000 14.00 21.50 76,147.65 lb 76.15 kips 38.11 kipsc sf b d V   =    = =  =  
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Therefore, maximum stirrup spacing shall be the smallest of d/2 and 24.00 in.  

max

/ 2
lesser of

24.00 in.

d
s

 
=  

 
 ACI 318-14 (Table 9.7.6.2.2) 

max

21.50 / 2 10.75 in.
lesser of lesser of 10.75 in. (governs)

24.00 in. 24.00 in.
s

   
= = =   

   
 

For #3 stirrups, Av+t (two legs) = 0.22 in.2, and the required s = 0.22 / 0.0704 = 3.13 in. < 10.75 in.  

For #4 stirrups, Av+t (two legs) = 0.40 in.2, and the required s = 0.40 / 0.0704 = 5.69 in. < 10.75 in. 

Use No. 4 closed stirrups at 5.00 in. on centers, placing the first stirrup at 2.50 in. from the face of the support. 

5.2.5. Additional Required Longitudinal Reinforcement for Torsion 

( )2 cot

u h

l

o y

T p
A

A f 


=

   
 ACI 318-14 (Eq. 22.7.6.1b) 

Where: 

 Ao = 0.85 × Aoh = 0.85 × 215.25 = 182.96 in.2 ACI 318-14 (22.7.6.1.1)  

 θ  = 45  ̊ ACI 318-14 (22.7.6.1.2(a)) 

Therefore, 

( )
228.00 12,000 62.00

1.265 in.
0.75 2 182.96 60,000 cot 45

lA
 

= =
    

 

The minimum total area of longitudinal torsional reinforcement: 

,min

5

lesser of
5 25

c cp ytt

h

y y

l

c cp ytw

h

y yt y

f A fA
p

f s f
A

f A fb
p

f f f

    
−    
  

=  
     

−     
  

 ACI 318-14 (9.6.4.3) 

2

,min

5 4,000 336.00 60,000
0.0204 62.00

60,000 60,000 0.506
lesser of 0.506 in.

1.4095 4,000 336.00 25 14 60,000
62.00

60,000 60,000 60,000

lA

    
−    

   = = =  
      −   

   

 

Since Al > Al,min, use Al = 1.265 in.2 
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The longitudinal reinforcement is to be distributed around the perimeter of the stirrups, with a maximum spacing 

of 12.00 in. There shall be at least one longitudinal bar in each corner of the stirrups.  

 ACI 318-14 (9.7.5.1) 

Longitudinal bars shall have a diameter at least 0.042 times the stirrup spacing, but not less than 3/8 in.  

 ACI 318-14 (9.7.5.2) 

Provide 4 - #4 bars in the lower portion of the beam (two at mid-depth and two at bottom) and add 1.265 in.2 

(Section 5.2.5) - (4 × 0.20 in.2) = 0.465 in.2 to the flexural steel.  

The total area of steel required in the top face of the beam is 2.550 in.2 (Section 5.1) + 0.465 in.2 = 3.015 in.2 

Thus, we have: 

6 - #7 bars: As = 3.600 in.2, will not fit in one layer. 

4 - #8 bars = As = 3.160 in.2, will fit in one layer. 

Provide 4 - #8 bars at the top of the beam (see Figure 4). 

ACI 318-14 (9.5.4.5) allows a designer to subtract Mu / (0.90 × d × fy) from the area of longitudinal steel in the 

flexural compression zone. We shall not do this, for three reasons: 

1. Mu varies along the length of the beam. 

2. We need two bars of minimum diameter 0.21 in. in the corners of the stirrups. 

3. We need bars to support the corners of the stirrups. 

 

Figure 4 – Reinforced Concrete Cantilever Beam Cross Section  
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6. Equilibrium Torsion in Beams – spBeam Software 

spBeam is widely used for analysis, design and investigation of beams, and one-way slab systems (including 

standard and wide module joist systems) per latest American (ACI 318-14) and Canadian (CSA A23.3-14) codes. 

spBeam can be used for new designs or investigation of existing structural members subjected to flexure, shear, 

and torsion loads. With capacity to integrate up to 20 spans and two cantilevers of wide variety of floor system 

types, spBeam is equipped to provide cost-effective, accurate, and fast solutions to engineering challenges. 

spBeam provides top and bottom bar details including development lengths and material quantities, as well as live 

load patterning and immediate and long-term deflection results. Using the moment redistribution feature engineers 

can deliver safe designs with savings in materials and labor. Engaging this feature allows up to 20% reduction of 

negative moments over supports reducing reinforcement congestions in these areas. 

Beam analysis and design requires engineering judgment in most situations to properly simulate the behavior of 

the targeted beam and take into account important design considerations such as: designing the beam as rectangular 

or T-shaped sections; using the effective flange width or the center-to-center distance between the beam and the 

adjacent beams. Regardless which of these options is selected, spBeam provide users with options and flexibility 

to: 

1. Design the beam as a rectangular cross-section or a T-shaped section. 

2. Use the effective or full beam flange width. 

3. Include the flanges effects in the deflection calculations. 

4. Invoke moment redistribution to lower negative moments 

5. Using gross (uncracked) or effective (cracked) moment of inertia 

For illustration and comparison purposes, the following figures provide a sample of the results obtained from an 

spBeam model created for the equilibrium torsion in beams discussed in this example. 

  

http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
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7. Analysis and Design Results Comparison and Conclusions 

The following table show the comparison between hand results and spBeam model results. 

Table 1 – Comparison of Hand Solution with spBeam Solution 

Mu (kip-ft) Tu (kip-ft) 

Hand Reference spBeam Hand Reference spBeam 

228.25 228 228.25 28.00 28 28.00 

Vu (kips) At/s (in.2/in. per leg) 

Hand Reference spBeam Hand Reference spBeam 

57.14 57.1 57.14 0.0204 0.0204 0.0204 

Av/s (in.2/in.) (Av+2At)/s (in.2/in.) 

Hand Reference spBeam Hand Reference spBeam 

0.0295 0.0295 0.0295 0.0704 0.0703 0.0704 

Required Longitudinal  

Reinforcement (in.2) 

Required Torsional Longitudinal  

Reinforcement (in.2) 

Hand Reference spBeam Hand Reference spBeam 

2.550 2.56 2.550 1.265 1.27 1.265 

 

The results of all the hand calculations and the reference used illustrated above are in precise agreement with the 

automated exact results obtained from the spBeam program. 

 

http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
http://www.spbeam.com/
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